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Abstract
While observational cosmology has recently progressed fast, it revealed a serious
dilemma called dark energy: an unknown source of exotic energy with negative pres-
sure driving a current accelerating phase of the universe. All attempts so far to find
a convincing theoretical explanation have failed, so that one of the last hopes is the
yet to be developed quantum theory of gravity. In this article, loop quantum gravity
is considered as a candidate, with an emphasis on properties which might play a role
for the dark energy problem. Its basic feature is the discrete structure of space, often
associated with quantum theories of gravity on general grounds. This gives rise to
well-defined matter Hamiltonian operators and thus sheds light on conceptual ques-
tions related to the cosmological constant problem. It also implies typical quantum
geometry effects which, from a more phenomenological point of view, may result in
dark energy. In particular the latter scenario allows several non-trivial tests which
can be made more precise by detailed observations in combination with a quanti-
tative study of numerical quantum gravity. If the speculative possibility of a loop
quantum gravitational origin of dark energy turns out to be realized, a program as
outlined here will help to hammer out our ideas for a quantum theory of gravity, and
at the same time allow predictions for the distant future of our universe.
1 Introduction
A complete understanding of the universe currently faces several problems, most of which
are occasionally expected to be solved by some version of quantum gravity. This also
applies to the dark energy problem. Its first, older part is the cosmological constant
problem, i.e. the divergence of vacuum energy density when it is naively computed in
quantum field theory, and its being off by orders of magnitude if computed with reasonable-
looking cut-offs. More precisely, the question is how vacuum energy couples to gravity, and
which subtraction of the quantum field theoretical result has to be employed to derive the
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gravitationally relevant value. Any fundamental theory must provide a solution to this
part of the problem, since a fundamental theory must provide a well-defined answer to a
well-defined question such as that of the energy density in a vacuum state.1 Whether or not
quantum gravity can solve this part of the dark energy problem is thus part of the question
whether quantum gravity will be a fundamental theory. This is sometimes expected, but
there is an independent relation to quantum gravity: an ultraviolet cut-off would make the
vacuum energy finite, which is often done by hand although it gives, at best, confusing
results. Since one often associates an underlying space-time discreteness with quantum
gravity, and thus an upper bound for wave numbers and frequencies, a natural cut-off may
be provided to result in a finite vacuum energy. A precise implementation would provide
means to determine the correct coupling of vacuum energy to gravity.
While the second part of the problem—nailing down a dynamical culprit for dark
energy—is more specific, its relation to quantum gravity is only vague. This part of
the problem became acute only after recent observational indications that the current
evolution of the universe is best modeled by a Friedmann–Robertson–Walker space-time
if a negative pressure component to its energy balance became dominant in the recent
past. Giving a precise value for the corresponding dark energy contribution, combined
with information on its equation of state, the problem becomes more specific, and also
closer to providing explicit tests of falsifiable candidates for solutions to the dark energy
problem or the quantum gravity theories on which they may be based. This is, for instance,
possible in candidate theories leading to additional, so far unobserved, fields which could
provide the dark energy component.
Loop quantum gravity (Rovelli, 2004; Ashtekar and Lewandowski, 2004; Thiemann,
2001), the topic of this article, is not of this kind of a theory with surplus fields, at least
not in its presently realized form. There are no fields in addition to the gravitational one
and whatever matter fields one assumed before setting out to quantize the theory. (It could,
however, be possible that additional degrees of freedom emerge in a yet to be developed
effective description; see e.g. (Bilson-Thompson et al., 2006) for a suggestion.) What is
realized in loop quantum gravity and in fact presents one of its main features is an under-
lying discrete structure of space (Rovelli and Smolin, 1995a; Ashtekar and Lewandowski,
1997a;b), so that one may at least address the first part of the problem. This requires
making precise the relation between spatial discreteness and quantum field theoretical cut-
offs. As for the second part of the problem, what is provided by existing phenomenological
descriptions of some regimes of loop quantum gravity are modifications to matter equa-
tions of state which, in an average effect, could resemble a dark energy contribution. These
possibilities, which are currently all to be considered speculative, are described here.
The specific difficulty of addressing the dark energy problem from the viewpoint of loop
quantum gravity is that it requires detailed information on the behavior of inhomogeneous
configurations. While the dynamics of loop quantum gravity has been understood quite
well in homogeneous models (Bojowald, 2005a), which already provides access to several
1Not all general relativistic situations allow a global energy concept, but at least an approximate notion
of energy density must exist for nearly vacuum states of fields in a maximally symmetric space-time.
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problems in cosmology, this cannot result in deviations from classical gravity resembling
dark energy in large, very classical universes. Quantum corrections to homogeneous mod-
els only appear when the total spatial size is small, close to the Planck scale, or when
anisotropies are so big that curvature components become large. This is certainly not
realized in those recent phases of our universe which the dark energy problem refers to.
Any dark energy contribution from loop quantum gravity must then be more indirect; it
cannot be a single quantum correction term to a classical evolution equation but at best
a cumulative effect, obtained by coherently adding up small corrections. A precedent for
such an effect in loop cosmology has recently been found (Bojowald et al., 2007c): small
quantum corrections can add up coherently during long cosmic evolution times to give more
sizable and potentially observable effects. If something similar happens in space instead of
time, a sizable dark energy component could result by adding coherently small quantum
corrections occurring at separate spatial points in a nearly Friedmann–Robertson–Walker
spacetime. As we will see below, this provides a well-defined setup which can be addressed,
though not yet fully evaluated, in loop quantum gravity.
We will first introduce the basic features of loop quantum gravity and cosmology. This
will then be used to review its present contributions to both parts of the dark energy
problem. The first part is being addressed by an attempt to make contact between quantum
gravity, in which all fields including the gravitational one are quantized, and quantum field
theory on a classical curved manifold. The second part can be analyzed in the context
of specific models which describe how a discrete quantum state of space-time evolves,
including refinements of the discrete structure as the universe expands. This refers to
detailed dynamical properties, which makes the problem technically complicated but also
indicate that a dedicated analysis can provide stringent tests of the underlying formulation
of loop quantum gravity. As we will see, some of the known properties of dark energy are
successfully modeled in this way.
2 The universe according to loop quantum gravity
Universe dynamics is described in loop quantum gravity by an “evolving” graph as a
superposition of states representing the spatial quantum geometry. Many of the typical
properties of physical scenarios based on loop quantum gravity are directly related to this
underlying discreteness, which will also be the main scheme used in this article. The
emphasis on spatial geometry arises because of the canonical quantization used to set up
the theory. As in classical canonical formulations, a covariant space-time will result only
if certain constraint equations are satisfied. Solutions to the quantum constraints, taking
the form of superpositions of spatial geometry states, encode the “evolution” of physical
fields classically depicted as a space-time manifold.
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2.1 Spatial geometry
In a canonical formulation of general relativity (Arnowitt et al., 1962) only the spatial
metric components qab, referring to a chosen slicing of space-time by a global time func-
tion, are dynamical fields and have conjugate momenta. The remaining components of the
space-time metric tensor play the role of Lagrange multipliers of the constraints mentioned
above, analogously to the time component of the vector potential in electrodynamics which
becomes the Lagrange multiplier of the Gauss constraint. Accordingly, only spatial geo-
metric objects such as areas of spatial surfaces or volumes of spatial regions are represented
as operators in a canonical quantization. Loop quantum gravity proceeds by first reformu-
lating the theory in terms of densitized triads Eai =
√
det(qbc)e
a
i with the triad e
a
i satisfying
eai e
b
i = q
ab canonically conjugate to a connection Aia (Ashtekar, 1987; Barbero G., 1995).
This allows one to define holonomies
he(A) = P exp
∫
e
dte˙aAiaτi (1)
of the connection Aia along curves e in space with P denoting path ordering of the non-
Abelian SU(2) matrices (with generators τi) along the path, and fluxes
FS(E) =
∫
S
d2ynaE
a
i τ
i (2)
of the densitized triad through surfaces S with co-normal na. These objects, unlike the local
fields (Aia, E
b
j ) themselves, form a well-defined Poisson algebra without the delta functions
one otherwise has in field theories. This algebra has a representation as operators on a
Hilbert space, which is the basis of loop quantum gravity.
The representation is most conveniently written in the connection representation. Then,
being functionals of the connection as configuration variables, states are constructed from
holonomies along paths in space and thus themselves refer to 1-dimensional objects. One
can formulate this by using arbitrary graphs in space as a label of states, replacing
the coordinate position of the classical fields (Rovelli and Smolin, 1995b; Ashtekar et al.,
1995). Edges and vertices of the graphs carry further quantum labels, which for edges
are half-integers j ∈ 1
2
N. (The resemblance to spin quantum numbers is due to the
occurrence of the spatial rotation group, acting on the triad, in this context.) These
quantum numbers assigned to a spatial graph determine the spatial geometry by combi-
natorial rules. The area of a surface, for instance, is obtained by summing contributions
4πγℓ2Pj(j + 1) for all edges in a graph intersecting the given surface (Rovelli and Smolin,
1995a; Ashtekar and Lewandowski, 1997a), with a coefficient determined in terms of the
Planck length ℓP and the so-called Barbero–Immirzi parameter γ of loop quantum gravity
(Immirzi, 1997; Barbero G., 1995). More precisely, this formula gives the eigenvalue of the
area operator when it acts on a state associated with the given graph and edge labels. In
particular, the area spectrum is discrete. This formula only applies to the generic case
where the surface does not intersect any of the vertices of the graph. If this were the case,
vertex labels would also be necessary to determine the action of the area operator, but the
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spectrum remains discrete. For volume, only vertex labels play a role in a way more com-
plicated to specify (Rovelli and Smolin, 1995a; Ashtekar and Lewandowski, 1997b). But
the action is obtained in a similar combinatorial manner by summing contributions from
vertices within a given region whose volume is to be determined. Moreover, the volume
spectrum can also be shown to be discrete although it is not known explicitly.
2.2 Relational evolution
Such a state, associated with a single graph or as a superposition of states associated
with different graphs, describes spatial quantum geometry at an instant, so far without an
evolution or space-time picture. An arbitrary state does correspond to a physical quantum
space-time only if it satisfies constraint equations, i.e. if it is annihilated by operators
quantizing the classical constraints. This in general requires a physical state to be a
superposition of different volume eigenstates. Evolution is encoded in such a superposition
in a relational manner, for instance as the change of an area or of a matter field relative
to a change in volume: For a positive real number V we can project a given superposition
to the volume eigenspace with eigenvalue V (which may be the zero space) and compute
the expectation value of an area A or a matter field φ in the projection. Doing this for all
values of V results in a function A(V ) or φ(V ) of volume which describes the relational
evolution. This presents an implicit description of space-time not as a manifold but as
the relational dynamics of the fields defined on it. We do not refer to A(t) and V (t) as
functions of a coordinate time variable t which, in a general relativistic situation, could be
chosen arbitrarily. We rather eliminate t in regions where V (t) is invertible by inserting
t(V ) in A(t). The variable A then evolves with respect to the “internal time” V . Just like
coordinates, this description in general can be done only locally in patches corresponding to
the image domain where V (t) is invertible. To cover the whole dynamics relationally, one
will have to select different internal times and derive transformation rules between them.
(In a triad formulation one can even compute evolution for all real values of such an internal
volume time including negative ones since the theory is sensitive also to the orientation
and not just the size of space. This is relevant for the singularity issue, which is resolved
in loop quantum cosmology by providing a well-defined relational evolution through zero
volume or other degenerate configurations (Bojowald, 2001a; 2005b; 2007b).) Evolution
in canonical quantum gravity thus does not happen in coordinate time since there is no
time manifold, but in a relational manner. Observables have been defined directly in such
a way (Bergmann, 1961; Rovelli, 1991b;a; Dittrich, 2006; 2005).
Just as not any 4-dimensional Lorentzian manifold is a physical space-time but only
those are which satisfy Einstein’s equation, allowed superpositions of states in quantum
gravity need to satisfy the constraint equations. These equations select physical superposi-
tions of spatial geometry states giving rise to relational evolution. They are formulated by
specifying the moves that can occur in the underlying graphs and labels of states when an
internal time variable such as V changes. Schematically, one has a picture where space is
presented as a discrete structure building up from a small state at the big bang to a highly
refined, nearly continuous fabric today. The evolution picture is thus that of an irregular
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Figure 1: Local action of typical Hamiltonian constraint operators on a vertex of a graph,
indicated by a disc. Edge labels which change during the action are specified.
lattice structure which changes in internal time by elementary changes of geometry. Corre-
sponding moves follow from the quantization procedure applied to the classical constraints.
Although there is currently no uniquely specified version, several typical features of these
moves are generic and can thus reveal properties of the fundamental quantum dynamics.
Unfortunately, a derivation of such rules from first principles, i.e. by quantizing the
Hamiltonian constraint and reformulating the constraint equation in terms of an internal
time, is highly complex. Fig. 1 illustrates the local action of a typical constraint operator as
it follows from the usual constructions (Rovelli and Smolin, 1994; Thiemann, 1998a). The
operator, when acting on a single graph state, changes labels as well as the graph itself,
resulting in several new contributions to the total superposition. (However, also versions
of Hamiltonian constraint operators based on fixed lattices have been constructed; see e.g.
Giesel and Thiemann (2007).) Any single change of this form may increase or decrease the
geometrical variable chosen as internal time, and thus represents elementary changes of the
graph forward or backward in internal time. This is to be reformulated as global moves of
the physical solution forward in time by rearranging the total solution as a superposition
of internal time eigenstates. Since local moves acting on distant vertices can change the
total internal time (e.g. volume) by equal amounts, the resulting forward moves, unlike
the elementary ones in the quantized constraint, may no longer be local, adding to the
technical complexity. We will now describe the form of the elementary constraint operator
and later formulate basic assumptions on its implications for moves in internal time.
2.3 Properties of Hamiltonians
Properties of elementary moves are consequences of the main terms appearing in the classi-
cal Hamiltonian constraint of canonical general relativity in Ashtekar variables, quantized
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by loop techniques. The main contribution to the constraint is
H [N ] =
1
16πG
∫
Σ
d3xN
(
ǫijkF
i
ab
EajE
b
k√| detE|
)
(3)
which classically must vanish for any spatial function N . The constraint depends on
the densitized triad as well as the connection through its Yang–Mills curvature F iab. Both
dependencies require special care (Rovelli and Smolin, 1994; Thiemann, 1998a): Curvature
terms can be quantized by expressing them as holonomies along closed loops which, by the
non-Abelian Stokes theorem results in the exponentiated curvature. For a sufficiently small
loop, the exponential becomes irrelevant and one obtains an expression of F iab in terms
of quantities acting in the loop representation. Such holonomies act as multiplication
operators and either generate new edges in the graph of a state acted on (as in Fig. 1) or,
if the loop is only retracing edges already present in the graph, change the edge and vertex
labels. In general, one thus expects from this action a change in the graph and a change in
local geometrical values such as area and volume. Each state in the superposition on the
right hand side of Fig. 1 in general has a volume expectation value different from the initial
state. The action thus gives rise to the elementary moves in internal time mentioned above,
which can in principle be derived once an explicit quantum operator for the constraint has
been specified and physical solutions as superpositions of internal time eigenstates are
analyzed.
Formulating a complete operator also requires one to represent the triad dependent
expression in the constraint. It appears as an inverse determinant, which classically can
diverge and may be problematic in the quantum theory, too. As we have seen, the vol-
ume in loop quantum gravity acquires a discrete spectrum, and it does contain zero as an
eigenvalue. Thus, there is no inverse operator and no obvious way to find a quantization of
| det(Eai )|−1/2 as required for the Hamiltonian constraint. The second characteristic aspect
of a loop quantization, in addition to loop holonomies quantizing F iab, is a consequence
of this behavior and is thus directly related to the discrete spectrum of the volume op-
erator. Rather than taking a direct inverse, expressions such as that in the Hamiltonian
constraint can be quantized by first rewriting them in a way involving Poisson brackets
between holonomies and volume only requiring positive powers. The basic relation used is
(Thiemann, 1998a) {
Aia,
∫ √
| detE|d3x
}
= 2πγGǫijkǫabc
EbjE
c
k√| detE| (4)
which follows from the fact that the connection Aia is canonically conjugate to the densitized
triad. In such expressions, all ingredients can be turned into operators in a well-defined
manner, and eigenvalues of the resulting operator do approach the classical behavior for
large volume and small anisotropy. But at small volume or for large anisotropies there are
deviations from the classical behavior giving rise to quantum corrections in any classical
expression where an inverse of the densitized triad occurs.
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The qualitative behavior of such inverse powers for small anisotropies can be illustrated
well by explicit formulas from isotropic models (Bojowald, 2002b). Here, we have a single
component p of the densitized triad Eai = pδ
a
i , and a single connection component c in
Aia = cδ
i
a satisfying {c, p} = 8πγG/3. Analogously to (4) we write
{c, |p|1/2} = 4
3
πγG|p|−1/2 (5)
showing the resulting inverse power of p even though no inverse is used on the left hand
side.
Similarly to holonomies in the full theory, isotropic models of loop quantum cosmology
only allow the quantization of exponentials eiµc on a Hilbert space ℓ2(R) by (ψν)ν∈R 7→
(ψν−µ)ν∈R, not of c itself (Ashtekar et al., 2003). The Poisson bracket thus can be quantized
only after c is expressed in terms of such exponentials, which in the isotropic case can be
done exactly by
{c,
√
|p|} = iδ−1eiδc{e−iδc,
√
|p|}
=
i
2δ
(
eiδc{e−iδc,
√
|p|} − e−iδc{eiδc,
√
|p|}
)
. (6)
The parameter δ is to be chosen as a quantization ambiguity or may follow from a sym-
metry reduction of the quantum operator; see (Bojowald and Kastrup, 2000; Engle, 2006;
Koslowski, 2006; Engle, 2007; Koslowski, 2007) for these developments. In the full theory
where SU(2) expression are used, values for δ are restricted to be half-integers. In the sec-
ond line of (6) we have ensured that the expression remains even under c 7→ −c (including
the derivative by c implicit in the Poisson bracket), which is required if the phase factors
of an isotropic model are to be embedded as matrix elements of SU(2) holonomies in the
full theory. (The map c 7→ −c then appears as a consequence of the Weyl group.) Note,
however, that the full situation with its non-Abelian holonomies taking values in SU(2)
rather than just phase factors is more subtle (Bojowald, 2006a), giving rise to additional
quantum corrections compared to models based on Abelian U(1) holonomies. In isotropic
models we then proceed by turning elementary phase space functions into basic operators
and the Poisson bracket into a commutator divided by i~,
1̂√|p| = 38πγδℓ2P
(
eiδc[e−iδc,
√
|pˆ|]− e−iδc[eiδc,
√
|pˆ|]
)
(7)
(with the Planck length ℓP =
√
G~) which is densely defined and even finite (Bojowald,
2001b). We only need to take the square root of the norm of pˆ, which for a self-adjoint
operator (pˆψ)ν = pνψν =
8
3
πγℓ2Pνψν can easily be done. Using the action of the basic
operators one can directly compute the action and eigenvalues of (7) in explicit form:(
1√|p|
)
ν
=
√
3
8πγ
1
δℓP
(√
|ν + δ| −
√
|ν − δ|
)
. (8)
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Figure 2: Eigenvalues (8) cubed of the inverse volume operator compared to the classical
expectation a−3 (dashed). To the right of the peak deviations are due to perturbative
corrections in ℓP/a, while at and to the left of the peak stronger non-perturbative cor-
rections occur. The functions are plotted with respect to a normalized scale factor a/a0,
a20 =
8
3
πγℓ2P, such that the peak occurs at a/a0 = 1.
For |ν| ≫ δ the expression is close to the classical value,(
1√|p|
)
ν
=
1√|pν |
(
1 +
4π2δ2γ2ℓ4P
9p2ν
+O(ℓ8P/p
4
ν)
)
(9)
with only perturbative corrections in ℓ2P/pν , while there are strong, non-perturbative de-
viations for |ν| comparable to and smaller than δ; see Fig. 2. The most drastic deviations
occur at ν = 0 where (8) vanishes while the classical expectation diverges. More general ex-
pressions including quantization ambiguities have been derived in Bojowald (2002c; 2004).
This illustrates why operators for inverse densitized triad components can be well-defined
in loop quantum gravity and remove divergences in Hamiltonians which would arise when
fields are quantized on a classical metric background.
In the isotropic example used here, the basic densitized triad component is related to
the conventional scale factor by |p| = a2. A distinguished value of a defined in terms of the
Planck length, such as the peak position of the quantized inverse, seems to be in conflict
with the classical rescaling freedom of a by an arbitrary positive factor present in a flat
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isotropic model. This only poses an apparent problem which is resolved once operators
are viewed in the proper inhomogeneous context (Bojowald, 2006b). Corrections to the
classical behavior such as those embodied by the peak appear as functions of the local
discrete scales, or local fluxes associated with individual edges in a graph. These local flux
values can be viewed as elementary building blocks of a macroscopic region. Their size
determines how many building blocks are present in a given region of a certain volume, and
is thus relevant for physical implications: whether or not discreteness effects are significant
depends on the ratios of elementary flux values to a macroscopic scale. In this way, the
underlying discrete structure distinguishes scales even if the geometry is scale invariant
macroscopically.
Inverse components of the densitized triad also appear in matter Hamiltonians, such as
in
Hφ[N ] =
∫
Σ
d3x
(
1
2
p2φ√| detEai | +
√
| detEai |V (φ)
)
(10)
for a scalar field φ with momentum pφ. Again, the loop quantization proceeds by rewriting
the classical inverse determinant in the kinetic term in a form accessible to quantization
(Thiemann, 1998b), giving the classical behavior at large volume but quantum corrections
when the total volume becomes smaller or anisotropies are large.
2.4 Summary
Writing the basic action of a Hamiltonian constraint operator through moves of a discrete
graph while an internal time variable such as volume changes may be difficult. But there
are rather robust general aspects of the picture which we are going to use in what follows.
Hamiltonian operators are discrete, with countably many contributions. Each contribu-
tion receives characteristic corrections to the classical form, which includes discretization
corrections but also quantization effects such as those seen in (9) for inverse powers of the
spatial metric determinant. The size and number of all these contributions depends on the
precise state which describes the universe. All ingredients are dynamical and in general
change when an internal time variable changes. For instance, as the universe grows one ex-
pects the number of contributions to increase, corresponding to a refined lattice structure.2
A quantum correction from a single contribution may grow or shrink with this refinement,
the precise behavior following from the operators.
Even in the absence of a direct line of derivations from a fundamental Hamiltonian to a
refinement model, the form of operators indicates the general behavior of correction terms
and how they change with a refined graph. The difficult part is to derive how an initial
graph state evolves in internal time and how it is being refined. But once such a refinement
prescription is known or assumed, the behavior of quantum corrections is rather robust.
This makes it possible to construct phenomenological models based on an assumption for
2This is a general expectation, not just based on basic properties of loop quantum gravity. It has been
discussed in the context of string theory, too, for instance by Mathur (2003).
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graph refinements occurring with a change of internal time, which then implies the inter-
nal time dependence of corrections. A phenomenological Hamiltonian will result which
allows one to analyze potential physical implications of these effects. The robustness of
the procedure is underlined by the fact that there are independent arguments for certain
refinements even in symmetry reduced models where one can analyze the dynamical equa-
tions more easily. Good semiclassical behavior can then be used as a criterion to select
some refinements and rule out others (Ashtekar et al., 2006b; Bojowald et al., 2007a).
What we will use therefore is a phenomenological Hamiltonian depending on a function
N (V ) describing the average number of vertices of a state as a function of the spatial
volume. Changes in N (V ) indicate refinements of the graph during evolution. We cannot
compute this function at the current level of developments. It can be a complicated func-
tion, but for short evolution times, which is sufficient for the dark energy problem, one can
assume a power law N (V ) ∝ V α. Theoretical considerations indicate that α should be
in the range 0 < α < 1: a fundamental Hamiltonian constraint operator typically creates
new vertices and increases the edge spins. If edge spins remained constant, the growth
in volume could only come from the number of vertices at constant vertex contributions
and thus N ∝ V . If only edge spins change but the number of vertices remains constant,
we obviously have N = const. Thus, since both vertex creation and edge spin increase
happens at the same time, the actual power low must be somewhere in between. Restric-
tions could be found by detailed semiclassical analyses as in (Bojowald et al., 2007a), or
phenomenologically as we will see below.
3 The dark energy problem: Possible contributions
from loop quantum gravity
Although loop quantum gravity by its general formalism provides a well-defined formula-
tion of possible quantum dynamics, including the gravitational as well as matter fields, the
resulting equations for physical states annihilated by the constraint operators as sketched
above are complicated. They do simplify in symmetric models, most notably in homo-
geneous ones as they are often used in cosmology, but this is unlikely to provide insights
to the dark energy problem of a large, classical universe. All facets of the dark energy
problem, from the viewpoint of loop quantum gravity, require properties of inhomogeneous
states. This involves a more detailed analysis of the full constraint equations, which is still
in progress. Nevertheless, despite this lack of understanding of details there are indications
for possible contributions of loop quantum gravity to the dark energy problem.3
3We only discuss here mechanisms by which dark energy could be provided through an ingredient of
loop quantum gravity. Investigations in loop quantum cosmology where a fluid with negative equation of
state parameter is assumed are not covered; see e.g. (Sami et al., 2006; Samart and Gumjudpai, 2007).
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3.1 Implications of connection variables
We start with results which do not, at least currently, use loop quantum gravity but
which crucially rely on the same basic variables given by real Ashtekar variables. Since
many general properties of loop quantum gravity—the use of holonomies and fluxes as
basic operators of a well-defined background independent quantization with the resulting
discrete flux spectrum—are consequences of the type of basic variables used, independent
implications of these variables are likely to be realized in loop quantum gravity, too.
The Ashtekar connection Aia = Γ
i
a + γK
i
a is defined in terms of the spin connection
Γia compatible with the densitized triad E
a
i and extrinsic curvature K
i
a only up to a real
parameter γ > 0. This constant, the Barbero–Immirzi parameter (Barbero G., 1995;
Immirzi, 1997), can be changed arbitrarily by a canonical transformation for pure gravity
or with bosonic fields. As pointed out recently by Perez and Rovelli (2006)4 and elaborated
by Freidel et al. (2005) and Mercuri (2006), however, the value of γ does have a physical
effect on fermion fields due to their coupling to the connection. The fermion current
provides a source for torsion. Solving for and eliminating torsion in the Dirac action, one
obtains an effective current-current interaction whose strength depends on γ.
Alexander and Vaid (2007) observe that the form of this four-fermion interaction re-
sembles what is used in the BCS theory of superconductivity. Non-perturbative effects
imply the instability of the fermionic ground state and its decay into a condensate effec-
tively described by a scalar. This condensate may provide a source of dark energy which is
dynamical in the history of the universe. The corresponding scalar would then play the role
of either an inflaton or quintessence field. Loop quantum gravity may help in formulating
the specifics of this construction but has not been applied yet.
3.2 Finiteness of vacuum energy
The construction of Hamiltonian constraint operators and matter Hamiltonians sketched
above results in operators which are well-defined mathematically. A normal ordering as
used in quantum field theories on curved background space-times, where Hamiltonians
would be diverging without proper subtractions, is not needed. This makes it possible,
at least in principle, to determine the coupling of vacuum energy to the gravitational
field within the theory. Additional assumptions on the form of subtraction need not be
imposed, although there are quantization ambiguities which may influence the resulting
value of gravitationally active vacuum energy. Despite of the presence of such ambiguities,
a derivation would indicate whether or not a large amount of fine tuning would be necessary
to be in agreement with current observations.
The finiteness of Hamiltonian operators in loop quantum gravity can be traced back
to the underlying background independence (Thiemann, 1998a): by taking into account
the full metric in the quantization, rather than treating it as a classical background field,
regularization parameters which when sent to zero would give rise to divergences in a
4Related observations were made earlier by Ashtekar (1991) and Nicolai et al. (2005).
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quantization on a background cancel out completely in the background independent quan-
tization. Thus, Hamiltonians are well-defined operators with dense domains of definition,
and any physical situation can be described by a quantum state with finite expectation val-
ues of Hamiltonians. (Since these operators are typically unbounded, not every state lies in
their domain of definition. But any physical situation can be described arbitrarily closely
by a state in the domain of definition due to its denseness, which is sufficient given the
finite precision of any measurement.) In particular, the expectation value in the vacuum
of a quantum field in a quantum universe must be finite, and the vacuum energy cannot
diverge. The central question is whether or not this just reproduces the value obtained by
choosing a Planck-size cut-off in a Fock quantization.
While these methods lead to such a very general statement about the finiteness of
the vacuum energy, which could play the role of dark energy if its size has the cor-
rect magnitude, specific results are more difficult to derive. First, one would like to
make contact between this fully background independent quantization and quantum field
theories on a curved background so as to see how the common divergences are avoided
precisely without an explicit normal ordering. Preliminary results have been derived by
Sahlmann and Thiemann (2006a;b). From the point of view of quantum field theory on
curved space-times one can effectively view the finiteness of vacuum energy in loop quan-
tum gravity as a cut-off provided by the underlying discrete structure of loop quantum
gravity. On the grounds of dimensional arguments one would expect that the cut-off oc-
curs at Planckian values of energy or length, which would certainly result in the well-known
mismatch between the predicted and observed cosmological constants. To understand this
issue one has to go beyond dimensional arguments and do a dedicated calculation of ex-
pectation values of Hamiltonians in semiclassical states which can be associated with a
quantum field theoretical vacuum. Here, the full complexity of loop Hamiltonians strikes
and makes the calculation very involved. Preliminary investigations have been done, but
not yet resulted in any numerical estimates.
It is to be expected that vacuum energy in this formalism does not only depend on the
matter state but also on quantum geometry, i.e. the precise discrete structure emerging
from a physical state as described in Sec. 2. Dimensional arguments can then easily fail due
to the presence of several length scales: the Planck length, a macroscopic scale such as the
Hubble length in cosmology, and the discreteness scale somewhere in between the former
two scales. Loop quantum gravity in general gives only a lower bound for the discreteness
scale close to the Planck length, but the precise value can well be larger depending on the
actual quantum state. It has to be determined from properties of a physical solution of
quantum gravity which can describe our universe. For a discreteness scale different from
the Planck length, dimensional arguments are not sufficient for simple estimates of results
and detailed calculations are required. This is similar to effective theories in a cosmological
context as pointed out in Bojowald (2007a). Effective arguments also apply to the problem
at hand here, as described next.
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3.3 Effective negative pressure
Rather than understanding dark energy as the vacuum energy of quantum fields, it could
be a quantum effect which, when expressed in a Friedmann–Robertson–Walker solution,
resembles an effective matter contribution giving rise to negative pressure. In loop quantum
gravity, an explanation of dark energy could be provided in this manner. In isotropic
models, loop quantum cosmology has revealed a source for negative pressure from quantum
corrections (Bojowald, 2002a). This happens on small scales where quantum geometry
modifies the behavior of functions such as the inverse volume which classically diverge at
zero spatial extension. As seen in Fig. 2, the isotropic quantum version of the inverse cuts
off the divergence and bends the curve down to zero (Bojowald, 2001b).5 Effective matter
Hamiltonians, which always contain the inverse determinant of the densitized triad, are
thus increasing as functions of volume at early times which replaces the classical decreasing
behavior. It is then easy to see why negative pressure arises: by thermodynamics pressure
is defined as the negative derivative of energy by volume. If energy starts to increase with
volume when small scales are reached, negative pressure automatically results.
3.3.1 The scenario
While these effects can be used in inflationary scenarios which require negative pressure at
early times (Bojowald, 2002a; Tsujikawa et al., 2004; Bojowald et al., 2004a; Date and Hossain,
2005), the effects quickly subside once the universe has expanded to some size very small
compared to its current one. In fact, such a quantum geometry epoch of inflation typi-
cally does not last long enough to provide all 60 e-foldings required for successful structure
formation. Moreover, such an isotropic model with only inverse volume corrections is not
very accurate at large volume because it does not fully take into account the dynamical
discreteness of space manifesting itself in lattice refinements determined by the elemen-
tary moves of a Hamiltonian constraint. Rather, during expansion the discrete structure
of space subdivides as described in Sec. 2 which can be modeled by adding new small,
discrete patches resulting from new vertices of graphs. The number of patches is expected
to grow with the volume, N ∼ V α for some constant 0 < α < 1, which indeed has recently
been recognized to resolve some technical problems related to isotropic models on large
scales (Ashtekar et al., 2006a; Bojowald, 2006b; Bojowald et al., 2007a). The parameter
α is to be determined from the precise behavior as depicted in Fig. 1. When the number
of patches increases with volume, their size stays nearly constant or could even decrease.
Thus, some of the small-scale corrections active in the very early phase can remain or re-
emerge later if they had subsided. How precisely this happens is a complicated dynamical
process of a system with many independent but dynamically coupled ingredients. While a
5This is no longer the case for the eigenvalues of analogous operators in anisotropic situations. However,
in that case it is not the full spectrum which is relevant but the part of the spectrum realized along a
dynamical state (i.e. evaluated in volume eigenstates in its superposition if volume is used as internal
time) . In isotropic models, both concepts coincide since the minisuperspace is 1-dimensional and thus any
geometrical trajectory reaching zero volume must fill out the whole small volume region. This is different
in the absence of isotropy where dynamical information is much more crucial (Bojowald, 2006a).
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derivation from first principles is currently out of reach, one can arrive at estimates on the
overall behavior based on the history of the universe. After the first, quantum geometry
powered phase of inflation the strong effects causing this phase must subside due to growing
edge labels. It follows a long stretch of evolution with only minor corrections, during which
most of the standard model of cosmology takes place (including a second phase of infla-
tion). While there are no strong quantum gravity effects in this regime, small perturbative
corrections are always present and may change some of the observable properties due to
their effect on perturbative inhomogeneities (Bojowald et al., 2007c). Such effects of per-
turbations around Friedmann–Robertson–Walker space-times do not contribute negative
pressure to the energy balance. But when inhomogeneous properties of non-perturbative
states are considered, a negative pressure contribution results as we will show below.
This scenario is in principle testable by direct calculations in the full theory which
would have to demonstrate the sketched behavior of edge spins: they first have to grow
on average when the total volume is still rather small leading to a semiclassical regime,
but then remain nearly constant (or even start to decrease) while the universe as a whole
expands. Thus, there should be a point where an overall growth in both edge spins and
the number of vertices turns over to growth dominated by the number of vertices at nearly
constant edge spins. Independently of whether or not this can be shown from a fundamental
Hamiltonian, one can already test the scenario phenomenologically. The question is if this
effect will be sufficient for the amount of dark energy needed, or maybe even too much?
3.3.2 A phenomenological model
To determine this more quantitatively one needs to use the relevant equations as they
are corrected by quantum gravity effects. Rather than dealing directly with Hamiltonian
operators and semiclassical states we write a classical Hamiltonian which includes some
of the effects described previously. This can be seen to arise as an expectation value of
the fundamental matter Hamiltonian in a semiclassical state, along the lines of a general
scheme to derive effective equations (Bojowald and Skirzewski, 2006; 2007). In particular,
we incorporate the discreteness of space, building the total matter energy by summing over
discrete patches. The size of each patch is taken to be dynamical to take into account the
occurrence of lattice refinements. Finally, whenever there is an inverse of densitized triad
components in the matter Hamiltonian we include correction functions for effects seen in
quantum inverse operators. Then, matter energy with a classical form (10) for a scalar
field φ as before is given by a Hamiltonian6
Hmatter =
∑
v
(
1
2
pφ(v)
2
R(v)3
+ V (φ)R(v)3
)
=
∑
v
R(v)3ρmatter(v) . (11)
6We just use this as a typical example but do not assume the presence of any fundamental scalar field;
expressions will be similar for realistic matter fields. In fact, a strength of the loop quantum cosmological
mechanism to provide negative pressure is that it would work for any matter field through its kinetic term
in the Hamiltonian, rather than a fine-tuned potential of a postulated scalar. See (Bojowald and Das,
2007; Bojowald et al., 2007b) for analogous quantum corrections to Maxwell and Dirac Hamiltonians.
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In this expression, we use the patch position v, its radial size R(v) and local energy density
ρ(v). The inverse patch volume R(v)−3 present in the kinetic term is the main term
receiving quantum corrections in its effective expression
d(R) = R−3(1 + CR−2ℓ2P + · · ·) (12)
with a constant C > 0 which is determined by the specific quantization. Here, we are
using only perturbative corrections to the inverse, excluding non-perturbative ones which
are realized at much smaller values of the patch size where the universe would not be
semiclassical at all. The value of C in inverse volume operators is subject to quantiza-
tion ambiguities (Bojowald, 2002c; 2004) also affecting the Hamiltonian operator itself
from which an effective Hamiltonian (11) is derived. The eigenvalue expression (9), for
instance, used for an expression
(|p|−1/2)3
ν(a)
resulting in a−3 for large a, gives a coeffi-
cient C = 4π2γ2δ2/3 ≈ 0.742δ2 which, using the value γ ≈ 0.2375 as derived from black
hole entropy calculations (Ashtekar et al., 1998; 2000; Domagala and Lewandowski, 2004;
Meissner, 2004), is of order one if δ is of order one as expected; see (Bojowald, 2006b).7
However, in this expansion the leading correction term is of the order ℓ4P/p
2 = ℓ4P/a
4, and
there is no term of order ℓ2P/p since the quantization is invariant under orientation reversal
p 7→ −p. Terms of second order can nevertheless result when one uses expectation values in
semiclassical states, as they are relevant for effective equations (Bojowald and Skirzewski,
2006; Skirzewski, 2006; Bojowald and Skirzewski, 2007), rather than eigenvalues. The com-
putation of the corresponding C then requires more detailed knowledge of the state but
can in principle be performed.
General properties of the quantization imply that C must be positive, a property which
will play an important role. Moreover, generically only even powers of ℓP/R occur in the
correction terms because the expression for inverse powers is a function of basic, area-like
fluxes, used in the underlying quantum theory, whose norm is the square of R. With this
correction, there will be a new term
Hquantum =
1
2
∑
v
(
d(R(v))−R(v)−3) pφ(v)2 = C
2
∑
v
pφ(v)
2 ℓ
2
P
R(v)5
in any matter Hamiltonian Hmatter = Hclassical +Hquantum. This can be estimated using an
approximately homogeneous matter distribution and the virial theorem which states that
energy contributed by the kinetic term should be half the total energy. Thus,
1
2
pφ(v)
2
R(v)3
∼ 1
2
R(v)3ρmatter(v)
and
Hquantum =
C
2
∑
v
ρmatter(v)ℓ
2
PR(v) .
7Although (9) was derived for an isotropic model with a−3 being the total inverse volume, a very similar
expression results for the local patch sizes (Bojowald et al., 2007d).
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Finally, the patch size is the total size of the universe divided by the number N of patches,
R(v)3 = a3/N , resulting in
Hquantum =
C
2
∑
v
ρmatter(v)ℓ
2
Pa/N 1/3 ∼
C
2
N 2/3ρmatterℓ2Pa
for a nearly homogeneous matter distribution among the N patches.
This is the contribution obtained by adding up quantum corrections for all N patches.
Since N is increasing with a, Hquantum indeed contributes negative pressure resulting from
an energy contribution increasing with volume. More precisely, for the case8 N (a) ∼
N0(a/ℓP)3 with some constant N0 of order one, we obtain
Hquantum ∼ Λa3
with a (cosmological) constant Λ. This implies an equation of state where pressure is the
negative energy density, the currently preferred value by observations. Moreover, the size
of Λ = 1
2
CN 2/30 ρmatter is the same as that of matter up to constant factors of order one.
This case corresponds to α = 1 in the parameterization N (V ) ∝ V α as a function of
volume motivated in Sec. 2. As explained there, the balance between changing edge spins
and the creation of new vertices provides this value as a limiting case of a general range
0 < α < 1. For α 6= 1, we have N (a) ∼ N0(a/ℓP)3α, resulting in
Hquantum ∼ C
2
N 2/3ρmatterℓ2Pa = λa1+2α (13)
with a constant λ = 1
2
CN 2/30 ρmatterℓ2(1−α)P . In this case, the energy density of the quantum
correction “fluid” is
ρquantum = a
−3Hquantum ∼ λa2(α−1)
and its pressure (defined as the negative derivative of energy by volume)
Pquantum = −dHquantum
d(a3)
= −1 + 2α
3
λa2(α−1) = −1 + 2α
3
ρquantum .
The equation of state parameter is thus
w = −1 + 2α
3
(14)
which is between −1/3 and −1 for the range 0 < α < 1.
Qualitatively, we rather naturally obtain all the observational properties without ad-
ditional input. Although the precise form of lattice refinements or a precise estimate for
α is not yet available, falsifiable predictions are possible. In particular, one can relate the
8We normalize the scale factor such that N = N0 for a = ℓP is the number of vertices of a Planck size
universe, which one typically expects to be of order one. This implies that the current scale factor in this
normalization is huge.
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equation of state parameter to the size of the current contribution by dark energy. If α = 1,
as we have seen, we obtain w = −1 and a value of the cosmological constant of the same
order as the matter energy density. The Planck length dropped out of the final expression,
and thus there is no remaining factor of a/ℓP in relating ρquantum to ρmatter, which could
give large or small factors compared to the matter density. If such factors were present,
they would result in a cosmological constant off by orders of magnitude unless they appear
in a form taken only to small powers. If α 6= 1, the Planck length does not cancel out
completely and one has to worry about large factors in the final value for ρquantum not of
the same order as the matter density. Ratios of a/ℓP appear in
ρquantum
ρmatter
=
1
2
CN 2/30
(
ℓP
a
)2(1−α)
(15)
with small powers only if α is near one. For α ≈ 1 one still obtains a dark energy
contribution of the order of the matter density, giving a phenomenological constraint on
the value for α. Even if α cannot be computed easily from the fundamental gravitational
Hamiltonian to confirm that a value near α = 1 is indeed realized, there is an interesting
phenomenological cross-check: As we have seen, the value of α also influences the equation
of state of dark energy. Near α = 1 the equation of state is close to that of a cosmological
constant, w = −1. For smaller values of α one approaches the equation of state parameter
w = −1/3. Thus, the scenario described here, giving a relation between the equation of
state parameter and the order of magnitude of dark energy density in terms of a single
parameter α, is testable by precise observations of the dark energy parameters, including
its equation of state.
4 Conclusions
Loop quantum gravity becomes better and better understood and its crucial properties are
studied in more and more realistic models. Since recently, inhomogeneous situations are
being looked at in detail and the basic mathematical framework has been derived. This
has led to several possible ingredients to solving the dark energy problem, although no
complete proposal for a solution exists so far. Well-defined matter Hamiltonians make it
possible at least in principle to determine what the size of vacuum energy in a semiclassical
state is, and how it couples to gravity to play the role of dark energy. While explicit
calculations at a fundamental level are still out of reach, a framework for effective equations
applicable to this situation exists. In this way, several technical and conceptual difficulties
can be circumvented. For instance, one would not need completely specified semiclassical
states but can systematically determine their properties order by order in a semiclassical
expansion. Also this is still being worked out, and so no clear result concerning dark energy
exists. What does exist are phenomenological models as described here which allow one
to test if typical effects of quantum gravity can have implications even in a large, classical
universe and contribute to the understanding of dark energy.
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The same basic ingredients which in isotropic models lead to inflationary behavior
can be seen to imply properties of dark energy even in a large universe. Although these
applications come from the same basic expression, different corrections are being probed. In
isotropic models of the early universe main effects arise from non-perturbative corrections,
while the effects used here for dark energy rely on perturbative ones. Moreover, dark energy
effects are much more sensitive to properties of the full quantum dynamics, especially the
occurrence of lattice refinements which does not play a large role in the early universe.
Some of the effects present in isotropic models have been shown to be dual to versions of
string or brane-world cosmology (Lidsey, 2004; Copeland et al., 2006; Singh, 2006). An
extension to inhomogeneous situations might provide interesting comparisons between the
different frameworks.
A successful implementation of a scenario describing dark energy depends on several
different aspects which allow qualitative evaluations of the viability of effects: First and
foremost, the main correction arises in the kinetic term. Matter components in this term
always appear in positive combinations such as p2φ for a scalar, and quantum corrections
generally contribute a positive quantity since C > 0 in (12). This implies that small
corrections in patches can indeed add up coherently in such a way that they produce
positive dark energy. Dark energy could thus provide an example for magnification effects
of tiny quantum corrections by adding them up over many contributions all over space. A
similar effect, where corrections add up during long evolution times, may leave observable
imprints in the CMB (Bojowald et al., 2007c). Other crucial ingredients are the kinds
of basic variables used, which affects the a-dependence of quantum corrections, and the
discrete structure. All this results in corrections which are not yet uniquely determined
from the theory but whose qualitative properties can be estimated up to constants of order
one.
Qualitative explanations which are realized non-trivially are: (i) the subdivision into
patches as it follows from technical expectations agrees with the observed range for the
equation of state of dark energy; (ii) the size of Λ is automatically related to the energy
density of matter because it results from quantum corrections to its kinetic term; (iii) there
is a tight relation between the size and equation of state of dark energy, Eqs. (15) and (14).
These observations are not independent but closely related to each other: if functions N (a)
not close to cubic behavior had occurred, powers of a/ℓP had appeared in ρquantum/ρmatter
which are far from being of order one. While still related to ρ, Λ would then have been
too big (α > 1) or too small (α < 1) by many orders of magnitude. That the technical
expectation agrees with the observation in this way is a non-trivial feature.
The scenario is thus constrainable and testable by more detailed observations of cosmic
acceleration, as well as structure formation which probe different parts of the theoretical
curve d(a). This has to be combined with detailed calculations and a dedicated effort in
numerical quantum gravity to simulate the subdivision better and to obtain precise predic-
tions. While some numerical aspects have occurred in loop quantum gravity, this was so
far only in homogeneous models (Bojowald et al., 2004b; Ashtekar et al., 2006a). Inhomo-
geneous ones as needed for dark energy require much more refined methods. Interestingly,
though, current investigations of the semiclassical behavior of homogeneous models in loop
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quantum cosmology indicate that a value near α = 1 is preferred, while values near α = 0
would not provide the correct semiclassical limit (Ashtekar et al., 2006b; Bojowald et al.,
2007a). This can be seen as circumstantial evidence for the dark energy scenario proposed
here, which is to be corroborated by dedicated studies of inhomogeneous models. It may
be worth the effort because a detailed knowledge of N (a) would allow one to predict the
far future of the universe from such models: If an analysis confirms that N (a) ∼ a3, the
patch size remains nearly constant during expansion and there will be no dramatic changes
in the future evolution. But if N increases by a different power, the equation of state will
change. Moreover, if the power becomes smaller than three, the patch size increases with
expansion and dark energy will die off. If the power exceeds three, the patch size decreases
and slowly approaches the strongly modified non-perturbative part of d(a). At this point,
the behavior of the universe would change dramatically through quantum effects on large
scales. This case would require the edge spins to decrease systematically while the total
volume grows which is, for better or worse, not supported by current constructions of loop
quantum gravity.
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